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Abstract: In this paper, a common fixed point theorem is presented for generalized
p-weak contraction mappings. Also, we examine the existence and uniqueness
of common fixed points for single-valued mappings satisfying the notion of weak
compatibility in the setup of complete metric space. Our result generalizes and
extends many results existing in literature. An example is given to show that our
results are proper generalizations of the existing ones and provide an application
to integral equation.
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1. Introduction

The study of existence and uniqueness of coincidence points and common fixed
points of mappings satisfying certain contractive conditions has been an interesting
field of mathematics from 1922, when Banach stated and proved his famous result
(Banach contraction principle).
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Sessa [31] introduced the concept of weakly commuting mappings and obtained
some common fixed point theorems in complete metric space. In this way S. T. Patil
[24] proved some common fixed point theorems for weakly commuting mappings
satisfying a contractive conditions in complete metric space. In 1986, G. Jungck
[12] defined compatible mappings and discussed few common fixed point theorems
in complete metric space. Also he showed that weak commuting mappings are
compatible mappings but converse need not hold. In 1998, the concept of weakly
compatible pairs of mappings has been introduced by Jungck [13], that is the class
of mappings such that they commute at their coincidence points. In recent years,
several authors have obtained coincidence point and common fixed point results
for different classes of mappings on various metric spaces such as complete metric
spaces, partially ordered metric spaces, Ordered b-metric spaces, b-metric space,
cone metric spaces etc see ([1], [8], [10], [17]).

Recently, Parvaneh [22] proved some common fixed point theorems for weakly
compatible pair of mapping in the set up of complete metric space. Zhang and Song
[35] proved some common fixed point theorems for two single valued generalized
p-weak contraction mappings. Inspired by their work, in the present paper, we
prove a common fixed point theorem for generalized p-weak contraction mappings
using the notion of weak compatibility. We justify our theorem by an example and
provide an application.

2. Preliminaries

We first present some important definitions. Throughout the paper N and R
denote the set of natural numbers and set of real numbers, respectively.

In 1997, Alber and Guerre-Delabriere [3] defined the concept of p-weak con-
traction.

Definition 2.1. A function T : X — X on a metric space (X,d) is said to be a
p-weak contraction if there exists a map ¢ : [0, +00) — [0, +00) with p(0) =0 and
©(t) >0 for all t > 0 such that for all x,y € X,

d(Tz,Ty) < d(z,y) — p(d(z,y)).

Theorem 2.2. [29] Let (X,d) be a metric space and T : X — X be a mapping on
X such that for all x,y € X, we have

d(Tx, Ty) < d(z,y) — e(d(x,y)),

where ¢ : [0,4+00) — [0,+00) is a continuous and non decreasing function with
o(t) > 0 for allt > 0. Then T has a unique fized point.
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The following concept of generalized ¢-weak contraction was introduced by
Zhang and Song [35] in 2009.

Definition 2.3. Let (X,d) be a metric space. Two self mappings S, T : X — X are
said to be generalized p-weak contractions if there exists a function ¢ : [0, +00) —
0, 4+00) with p(0) =0 and ¢(t) > 0 for all t > 0 such that for all x,y € X,

d(Tz, Sy) < N(z,y) — p(N(z,y)),

where N(z,y) = max{d(z,y),d(z, Tz),d(y, Sy), %(d(x, Sy)+d(y, Tz))}.

Theorem 2.4. [35] Let (X,d) be a metric space and S, T : X — X be two mappings
such that for all x,y € X,

d(Tz, Sy) < N(z,y) — p(N(z,9)),

where ¢ : [0,4+00) — [0,4+00) is a lower semi continuous function with ¢(0) = 0
and p(t) >0 for allt > 0. Then T and S have a unique common fixed point.

Definition 2.5. [30] Consider the class of functions ® = {p|p : Ry — Ry}, which
satisfies the following assertions:

(i) tr <ty implies o(t1) < p(t2),

(ii) (¢"(t)),ey converges to 0 for all t > 0,

(111)> " @™ (t) converges for all t > 0.

If above conditions (i — i) hold then ¢ is called a comparison function, and if the
comparison function satisfies (iii), then ¢ is called a strong comparison function.

Remark 2.6. [30] If ® = {¢|¢ : Ry — R} is a comparison function, then
p(t) <t, for allt >0, p(0) =0 and ¢ is right continuous at 0.

3. Main Result
In this section, we establish a common fixed point theorem for weakly compat-
ible mappings.

Theorem 3.1. Let (X, d) be a metric space and E be a nonempty closed subset of
X. Suppose T, S : E — E are two self mappings and A, B : E — X are mappings
on X such that for all x,y € X,

where

M (z,y) = max{d(Ax, By),d(Ax, Tx),d(By, Sy), %(d(Ax, Sy) + d(By,Tz))},
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and ¢ : [0,400) — [0,400) is lower semi continuous with 0 < @(t) < t for
t € (0,400) and (0) = 0 satisfying the following assertions:

(i) T(E) C A(E) and S(F) C B(E);

(i) the pair (T, A) and (S, B) are weakly compatible.

Also, assume that A(E) and B(E) are closed subsets of X. Then T, A, S and B
have a unique common fixzed point.

Proof. Let 2y € E. There exists two sequences {z,}°9 and {y,}1> such that
Tpni1 = Az, and yo = Txg = Ay, y3 = Svy = Bxg, yo = Ty = Axz, ---
Yo = Txop = ATopi1, Yoni1 = STopy1 = Bra,io for all n > 0. First we proof that
limy, 400 d(Yn, Ynr1) = 0 from (3.1) we have, d(yogi1,y2r) = d(Swops1, Txor) =
d(Txoy, STaky1) which implies

d(Yor+1, Yor) < M (2o, Tagr1) — ©(M (2o, Tog+1)) (3.2)
where
M(x2k> $2k+1) = maX{d(AJEQk, B$2k+1), d(szk, Tl’%), d(B$2k+1, Sl’2k+1),
1

§(d(z4$2k, Sxai1) + d(Bxagi1, Tar))}
= max{d(y%—h ka); d(?hk—l, ka)7 d(y2k7 y2k+1),

1

§(d(?/2k—17 Yort1) + d(Yor, Yor)) }

= maX{d<y2k—17 ka)a d(?hk—l, ka)7 (d(y%—h y2k+1))}

| — Do —

= max{d(yor—1, Yor), d(Yor—1, Yo ), = (d(Yor—1, Yor) + d(Yor, Y2r+1))}

= max{d(yor, Yor+1), A(Yar—1, Yor) }-
By (3.2), we have

d(Yor+1, Yor) < max{d(yar, Yor+1), d(Yor—1, Yor) }
— plmax{d(yor, Yor+1), d(Y2k—1, Yor) }|
= d(y2k—17 y2k>
which implies that d(yori1, Yor) < d(Yor—_1, Y2 ). Similarly we can prove that d(yox.2,
Yokt1) < d(Yorsr, Yor). If 0= 2k 41, then d(yn+1,Yn) < d(Yn, Yn-1), for all n > 0.
Thus {d(Yn, Yn+1)} is monotone decreasing sequence of nonnegative real numbers
and hence it is convergent. Now
M(ﬂﬁzk, 96’2k+1) = M(Bﬂﬁqu, AJ?%)
= M (Yor—2, Yok—1)-
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Thus M (yak—2, Yor—1) = max{d(Yar, Yor+1), d(Y2k—1, Yor) }-
Suppose limy, 100 A(Yni1,Yn) = lim,syoo M(Yp_2,Yn—1) = 7. By the lower semi

continuity of ¢, we have ¢(r) = lim,_, o inf (M (Yn—2, Yn-1))-
We claim that » = 0. From (3.2), we have

M(Ina xn—f—l) 90(M<xna xn-i-l))
= M(Bxy,_1, Az,) — o(M(Bx,_1, Azx,))
= M(

Yn—1,Yn) = P(M(Yn—1,yn))-

d(yn-‘rl) yn) S

Taking limit as n — 400 on the above inequality, we have
r<r—p(r) implies o(r)<O0.
Thus ¢(r) = 0, by the property of the function . Hence

lim d(yni1,yn) =7 =0. (3.3)

n—-+o0o

Next, we show that {y,} is a Cauchy sequence. We know that d(y,i1,Yns2) <
d(Yn, Yns1), it is sufficient to show that the subsequence {ys,} is a Cauchy sequence.
Suppose that {y,} is not a Cauchy sequence. Then there exists € > 0 for which we
can find subsequences {yomm)} and {yanp)} of {yan} such that d(yom), Yonw)) > €
for n(k) > m(k) > k. This means that d(yYam@), Yonk)—1) < €. From triangle

inequality,

€< d(me (k)» y2n(k))
< d(Yom(k)s Yonk)—2) + A(Yonk)—2: Yank)—1) + AY2nk)—1, Yon(k))
<€+ d(an k)25 Yan(k)—1) + d(y2n(k)71> Yon(k))-

Letting £k — 400 in the above inequality, we have

i d(Yem), Yane) = € (3.4)

Moreover
\d(Yom(k)s Yonk)+1) — AYam), Yonk))] < A(Yonk)s Yonk)+1) (3.5)
\d(Y2n (k) Yamk)—1) — Ad(Y2n k), Yomk))| < d(Yom(r)> Yomr)—1) (3.6)

| d(Yon(k)s Yomk)—2) — AYan(k), Yom)—1)| < A(Y2mk)—2, Yom(k)—1)- (3.7)
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From the equations (3.3), (3.4), (3.5), (3.6) and (3.7) we conclude that

lim d(y2m(k:)—17y2n(k)): lim d<y2m(k)—1ay2n(k)—l)

n—-+o0o n—-+o0o

= lir+n (y2m(k)727 ?/2n(k))

n—-—+0o0

=e. (3.8)
Now from (3.1), we have

d(y2m(k)—17 y2n(k)) = d<Sx2m(k)—17 T372n(k))
= d(Txan (), STom(k)-1)

= M(Ign(k)7 Tom(k)—1) — @(M(xzn(k), l‘zm(k)—n)- (3‘9)

Here

M{(&2n (), Tam(k)-1) = max{d(Azanr), Bamr)-1), d(AZan(ry, TTon(w));
d(BZom(ky—1, STom(k-1)),

1
§(d(A$2n(k), STomk)—1) + A(BTom)—1, TTonk))) }

= max{d(yzn(kyh me(k)fQ)v d(yZn(k)flv y2n(k))a

d(me(k)—Qa me(k)—n),
1

B (d(Y2n(k)—1, Y2mr)—1) + A(Y2mr)—2, Yo2nk))) }-

Now, we consider the following cases:

Case L If M(xan(k), Tam(k)-1) = A(Yan(k)—1, Y2m(k)—2), then taking limit as n — +o0
in (3.9), we get € < € — ¢(€) = ¢(e) = 0. By our assumption about ¢, we have
€ = 0, which is a contradiction.

Case IL. If M(Zon(k), Tamk)—1) = A(Yan(k)—1, Yon(k)), then taking limit as n — +o0
in (3.9), we get, € < 0 — (0), which is a contradiction.

Case II1. Finally, if M (Z2n(k), Tomk)-1) = 5(d(Y2nk)-1, Yomk)—1) A Y2m k)2, Yan(r))),
then taking limit as n — +oo in (3.9), we get € < $(e +¢) — (5(e + ¢€)), or
e < e — p(e), which is a contradiction.

Hence {y,,} must be a Cauchy sequence.

Finally we show that T, S, A and B have a common fixed point. Since (X, d)
is complete and {y,} is a Cauchy sequence in X, there is a z € X such that
lim,, 4 00 Yn = 2. Also, being a closed subset of X, E is complete and {y,} C E;
We have z € E. By assumption A(F) is closed, there exists u € E such that
z = Au. For allm € N.

d(TUa y2n+1) = d(T% S$2n+1) < M(U, 372n+1) - QD(M(U, $2n+1))7 (3-10)
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Now,

M (u, x2,41) = max{d(Au, Bxo, 1), d(Au, Tu),d(Bxayi1, STani1),
1

E(d(Au, Stons1) + d(Bxayy1, Tu))}

= max{d(z, y2n+1)7 d(za TU’)7 d(ana y2n+1)7
1

§(d(27y2n+1) + d(y2n, T'u)) }.

Taking limit n — 400 in (3.10), we get d(Tu,z) = 0. So, Tu = z. Similarly we

can show that Su = z. Therefore Tu = Su = Au = Bu = z.

Since the pair (A,T) and (B, S) are weakly compatible, we have Tz = Sz = Az =

Bz. Therefore

d(TZ7 y2n+1> = d(TZ7 Sm2n+1)
< M(2, @2p41) — (M (2, T2p11)).- (3.11)

Here

M (z,x9n41) = max{d(Az, Bxo,1),d(Az,Tz),d(Brapi1, STont1),
1

i(d(Az, Stont1) + d(Bxani1, T2))}

= max{d(z, y2n+1)7 d(Z, T’Z)v d(y2n7 y2n+1)7
1

§(d(z> Yon+1) + d(y2n, T'2)) }.

Taking limit n — +oo in (3.11), we get d(Tz,z) = 0. So Tz = z. Similarly

we can show that Sz = z. Therefore T2z = Sz = Az = Bz, we conclude that

Tz=Sz= Az = Bz = z. Thus, z is a common fixed point of T, S, A and B.

If there exists another point v € E such that v =Tv = Sv = Av = Bv, then using

similar argument, we get

d(z,v) =d(Tz, Sv)
= M(Za U) - QD(M(’% U))
= d(Z, U) - (p(d(Z,U)))
Hence z = v. Therefore T, S, A and B have a unique common fixed point.

By the virtue of Theorem 3.1, we easily deduce the following well known results
as corollaries.
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If the mapping S=T in Theorem 3.1, we have the following.

Corollary 3.1. Let (X,d) be a complete metric space and E be a nonempty closed
subset of X. Let T : E — E be self map such that for all x,y € £

d(Tz, Ty) < M(z,y) — o(M(z,y)), (3.12)

where M (z,y) = maxd(Az, By), d(Az, Txz),d(By, Ty), 5(d(Az, Ty) + d(By, Tx));
@ : [0, +00) = [0,400) is lower semi continuous with 0 < ¢(t) <t fort € (0,+00)
and p(0) =0 and A, B : E — X satisfying the following assertions:
(i) T(E) C A(E) and T(FE) C B(E);
(i) the pair (T, A) and (T, B) are weakly compatible. Also, assume that A(E) is a
closed subset of X. Then T, A and B have a unique common fixed point.

If S=T and A = B in theorem 3.1, we have the following.

Corollary 3.2. Let (X,d) be a complete metric space and E be a nonempty closed
subset of X. Let T : E — E be self map such that for all x,y € K

d(Tx, Ty) < M(z,y) — o(M(x,y)), (3.13)

where M (z,y) = maxd(Az, Ay),d(Az, Tx),d(Ay, Ty), 3(d(Az, Ty) + d(Ay, Tx)).
@ : [0, +00) = [0,400) is lower semi continuous with 0 < ¢(t) <t fort € (0,+00)
and p(0) =0 and A : E — X satisfying the following assertions:
(i) T(E) C A(E) ;
(i) the pair (T, A) are weakly compatible.
Also, assume that A(FE) is a closed subset of X. Then T and A have a unique
common fized point.

If A= B we get the main result of [19] as corollary.

Corollary 3.3. Let (X,d) be a complete metric space and E be a nonempty closed
subset of X. LetT,S : E — E be self mappings (at least one of T or S is surjective)
such that for all x,y € F

d(Tz, Sy) < M(x,y) — o(M(x,y)),

where ¢ = [0,+00) — [0,+00) is lower semi continuous with ¢(t) > 0 for t €
(0, +00) and p(0) =0 and A : E — X satisfying the following assertions:

(i) T(E) C A(E) and S(E) C A(E).

(ii) The pair (T, A) and (S, A) are weakly compatible.

Also, assume that A(E) is a closed subset of X. Then T, A and S have a unique
common fized point.
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If A and B are identity mappings and we take ¢(t) = k(t), where k € [0,1)
then

Corollary 3.4. Let (X,d) be a complete metric space and E be a nonempty closed
subset of X. Let S, T : EE — E be self mappings and satisfy the condition of Theorem
3.1.

d(Tx, Sy) < (1 —k)M(z,y)
SaM(agy) aG(O,l]

where M (z,y) = max{d(z,y),d(z, Tx),d(y, Sy), 3(d(z, Sy) + d(y, Tx))}.
Now we furnish an example to demonstrate the validity of Theorem 3.1.

4. Example

Example 4.1. Let X = R and d(z,y) = |x — y|, for all ,y € X. Then (X,d) is
a complete metric space. Let E = [0,1]. The self maps T',S : E — E are defined
as T(0) = 0, T(z) = (= # 0) and S(z) = %2, for all z € E. Let the mappings
A,B:E — X and ¢ : [0, +00] — [0, +00] be defined by A(z) = z, and B(z) = §
for all 2 € E, and ¢(t) = £.
Solution. Clearly,T(E) C A(FE) and S(E) C A(F), which satisfy the condition
() of theorem 3.1 and T'(A(0)) = A(T(0)) = 0 and S(B(0)) = B(S(0)) = 0, we
see that A and T as well as B and S are weakly compatible since they commute
as their coincidence point z = 0. T(1) = 1, S(3) = &, A(l) =1, B(3 ) 1. By
the equation (3.1), we have d(T'(z), S(y)) = d(T(l), S(3) =11 - —| == and

1 1 1

M(1, 5) = max{d(A(1), B(3)), d(A(1), T(1), d(B(3), S(

there for,
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Hence d(T'(z), S(y)) < M(z,y) — p(M(z,y)).
Here, we see that all the conditions of Theorem 3.1 are satisfied. This implies that
T, S, A and B have a unique common fixed point (x = 0).

5. Application
Consider the following pair of nonlinear integral equations:

z(t) = f1(t) — fo(t) —i—,u/ m(t, s)gi(s,z(s))ds + /\/ ook(t, s)hj(s,z(s))ds (5.1)

for all ¢t € [a,+00), where f1, fo € L[a,+00) are known, fi(t) > fa(t), m(t,s),
k(t,s), gi(s,z(s)), hj(s,y(s)), i, j =1, 2 and ¢ # j are real or complex valued
functions that are measurable both in ¢ and s on [a,+00) and A, u are real or
complex numbers. These functions satisfy the following:

(C1) f;roo SUPge s 400 |MU(E, 8)|dt = My < 400

(C2) .7 SUPyre o (L, )] dE = My < o0

(C3) gi(s,x(s)) € Lla,+o0) for all x € L[a, +00) and there exists K; > 0 such that
for all s € [a,4+00),

191(s,2(s)) = 9a(s,y(s))| < Kile(s) —y(s)|  for all z,y € Lla, +o0)

(C4) hi(s,z(s)) € Lla,+o0) for all x € L[a,+00) and there exists Ky > 0 such that
for all s € [a,4+00),

|hi(s, x(s)) — ha(s,y(s))] < Kalz(s) —y(s)| for all z,y € Lla,+00).

The existence theorem can be formulated as follows:

Theorem 5.1. With the assumption (C1) — (C4), if the following conditions are
also satisfied:

(zi ).\f;roo k(t,s)hi(s, p [T m(s, 7)g; (T, z(7))dT + fi(s) — fo(s))ds = 0, 4,5 = 1,2,
i
(b) For some x € Lla,+00),
u/ m(t, $)gi(s, 2(s))ds = 2(t) — F1(t) + folt) —)\/ " k(t, $)ha(s, 2(s))ds
= T,(t) € L[a, +00), i=1,2.
(c) If for some T';(t) € Lla,+o0) there exist ©;(t) € Lla,+00), such that

t +o0
u/ m(t, s)gi(s, x(s) = Ti(s))ds — fa(t) = fu(t) + A/ k(t, s)hi(s, x(s) = Ti(s) — fa(s))ds
=0,(t), i=1,2
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then the system (5.1) has a unique solution in Lla,+00) for each pair of real or

M (say) < 1.

complex numbers \ and p with |\ KoMy < 1 and TG =

Proof. We define, for every = € L[a, +00)

—u / m(t, $)g1 (s, 2(3))ds — folt)

— i [ mlt (s, a(o)ds ~ (e
+oo
Uz(t) = fi(t) + )\/ k(t,s)hi(s,x(s))ds

Va(t) = fi(t) + A / Rt $)ha(s, (s))ds

Aa(t) = (I = U)a(t), Ba(t) = (I - V)a(b),
where f1, fo € L]a,+00) are known and [ is the identity mappings on L[a, +00).
Then S, T, U, V, A and B are mappings from L[a,+00) into itself.

Indeed, we have:

S(z)] < Iul/ oolm(t, s)g1(s, 2(s))|ds + | f2(t)]

+o0
< [ul sup Im(t,S)I/ |91 (s, 2(s))|ds + [ f2(2)];

a<s<+oo

we apply conditions (C'1) and (C2) in above inequality and thus we have

+oo ~+o00 +o00 +oo
/ o)\t < |yl / sup [mit, s)|dt / 1915, 2(s))|ds + / falt)]dt

a<s<+oo

< 00, (5.2)

and hence Sz € L[a,+00). Similarly Tz € L[a,+00) also. For mapping U, we
apply the conditions (C2) and (C4) in the following manner:

+00 400 +o0 +oo
[ wslar< [ nies N [ s ksl [ (s as)lds

a<s<+oo

< +00. (5.3)
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As f € L[a,+0o0) and so mapping U is a self mapping on L[a, +00). Similarly V is
also a self mapping on L[a, +00). With the help of (C2) and (C3), we have for all
x,y € Lla,+00)

se-ol = [ 18wt ~ Tr(ola
= [ b [ s o0)ds = [ it )t uts)yis
= [l [ e oG (60) — ot sl
< [ ll_sup et [ (o) gato () s

a<s<+00
= s [ ) —(slds
< |pl KMz — y|
<l My mac{d(r, ), d(z, Ta), d(y, Sy), 5ld(z, Sy) + d(y, To)]}
< aM(z,y). (5.4)
Similarly, by (C2) and (C4), we get
Uz = Vy| < [A[KaMa|z — y

— I\ KoMy max{d(z, ), d(z, Tz), d(y, Sy), %[d(ac, Sy) + d(y, T)]}.
(5.5)
Hence, we have
|Az — Bx| = |(I = U)x — (I — V)y|
=[xz —y) — (Uz = Vy)|
> |z —y| = [Uz = Vy
> v —y| — [A[KaMa|z — y|
> (1 — |A[KaMa)|x — yl,
> (1 [\ My) max{d(r, ). d(z, T). dly, Sy). 3 [d(a. Sy) + d(y, Ta)]}
(5.6)
which implies

|z —y| < | Az — Byl. (5.7)

1
1 — [A[K2M,
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From (5.4) and (5.7), we obtain

|Sz — Ty| < |p| Ky M|z — y

1
< |lu|KiM{——|Ax — B
—|lu| 1 11—‘)\’K2M2| x y|
|| Ky My
—— |Az— B
S T KM, AT B
< alAz — By

<alg—yl (ifA=B=1)
< amax{d(z, ), d(z, Tz), d(y, Sy), %[d(x, Sy)+dy, To)}.  (5.8)

Thus all the condition of Corollary 3.4 are satisfied, there exist a unique u €
L(a,+o0) such that Sv = Tv = v, and consequently, v is the unique solution of
(5.1).

6. Conclusion

The purpose of this paper is to give the generalized version of p-weak contrac-
tion mappings on complete metric space. Also, we derive common coupled fixed
point theorems in complete metric spaces. Some examples are presented to verify
the effectiveness and applicability of our main results. Towards the end, an appli-
cation to integral equations has also been presented to support the usability of the
obtained results.
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